In this paper, we consider a new version of indefinite metric field quantization called "Krein" quantization approach. Centering on the vacuum energy, fundamental subjects revolve around this concept will be discussed. In this approach, vacuum expectation value of the energy-momentum tensor can be defined properly and uniquely. Actually, no infinite term appears and the vacuum energy of the free field vanishes. These properties allow us to propose a discussion which creates an interesting link to cosmological constant problem. Achieving this goal, however, necessitates consistency of the theory with conventional ones, so we have studied and made comparison essential issues such as unitarity of the theory, physical achievements of renormalizing process and the trace anomaly subject.
Introduction
The advent of divergence in expectation value of the energy-momentum tensor and consequently in zero-point energy leads to fundamental problems in modern physics. In non-gravitational physics, regarding this fact that only changes in energy from one state to another are measurable, any resulted infinite vacuum energy in QFT may be renormalized -or rescaled-by subtracting infinite energy from quantum vacuum energy [1, 2] . [An attractive force between two uncharged parallel conducting plates, which is known as Casimir force, showed that finite differences between different configurations of infinite energy do have physical reality [3] . ] However, for some reasons, this simple device cannot be trusted in curved space-time, where the center equation for discussions of QFT's is the semi-classical Einstein's equation with a cosmological term, which creates a specific relation between the classical gravitational field and expectation value of the energy-momentum tensor T µν ,
where R µν and R refer to the curvature of space-time, g µν to the metric, Λ to the cosmological constant and G to the Newton's constant. First of all, in curved space-time, the gravitational field will in general be expected to produce particles, thereby there is no unique notion of a vacuum state or of particles [1, 4] . So, though the choice of the Minkowskian vacuum defined by |0 > , has a well-understood physical meaning, i.e., the absence of particles according to all inertial observers, in general there is not any reference system in which there is no particle creation. With no clear vacuum concept, one cannot give a precise meaning to expectation value of the energymomentum tensor of the vacuum state, < 0|T µν |0 > [1, 4] . Meanwhile, the source for the gravitational field is the entire energy-momentum tensor, which gives rise to space-time curvature. That means, the actual value of the energy matters, not just the differences between states. Therefore, the rescaling method cannot be expected to be valid generally.
On the other hand, recent astronomical observations indicate that the expansion of the universe is accelerating, which can be interpreted as an evidence for a non-vanishing positive cosmological constant [5] (or vacuum energy density). Without gravity, we do not care about the energy of the vacuum, but in the presence of gravity problems arise. According to the semi-classical Einstein's equation
F o r R e v i e w O n l y ( R µν and R refer to the curvature of space-time, g µν to the metric, Λ to the cosmological constant and G to the Newton's constant), Lorentz invariance implies that in the vacuum, the energy-momentum tensor should be proportional to the metric, which proportionality coefficient is expectation value of the vacuum energy density
(The metric chosen for flat space-time, has g 00 = +1 .) So, anything that contributes to the vacuum energy density, can be regarded as a cosmological constant
If we can use QFT up to the Plank scale, we can calculate the upper bound for expectation value of the vacuum energy by discarding the very high momentum modes (cutoff method) as [6] ρ ∼ (10 18 GeV) 4 ∼ 10 112 erg/cm 3 .
However, cosmological observations imply that the total effective vacuum energy,
which is much smaller than what we had expected from the calculations. This large discrepancy of 10 120 order of magnitude is the world record on contradiction between the field theoretical calculations and the experimental results. Therefore, if the observations are correct, then ρ v is non-zero, very tiny and its value is extremely fine tuned for no good reason. This is a concrete statement of the first of the two cosmological constant problems [8] .
Unfortunately as mentioned above, this is not the only problem related to cosmological constant. The second problem which we briefly state, is to understand why the vacuum energy is of the same order of magnitude as the present mass density of the universe [9] .
In this work, we utilize "Krein" space quantization, a new version of indefinite metric field quantization, to peruse the above issues. We will show that some mentioned defects could be suppressed through this approach. The method is also capable of recovering the experimental results of the conventional QFT.
Krein space as the generalization of the Hilbert space is defined by K = H + ⊕ H − , where K is called the total space and H − (= H * + ) stands for the anti-Hilbert space. Krein space quantization then is a canonical quantization of Gupta-Bleuler type in which the Fock space is constructed over the total space [10, 11, 12] . In this quantization method, the set of states is different from the set of physical states; The observables are defined on the total space, while the average values of the observables are calculated on the sub-space of physical states. It is worth to mention that the total space is equipped with an indefinite inner product which results in some (un-physical) states have a negative norm. An interesting feature of the theory is that, instead of having a multiplicity of vacuum, we have several possibilities for the space of physical states and only one field and one vacuum which are independent of Bogoliubov transformations [12] . So, the usual ambiguity about vacuum is not suppressed but displaced. This method, for the first time, was applied to the massless minimally coupled scalar field in de Sitter (dS) space [13, 14] .
1 Furthermore, pursuing this path, it was shown that covariant quantization for massless spin-2 field in dS space is accessible [16, 17, 18, 19, 20] .
Respecting the intrinsic specifications of Krein quantization method, vacuum expectation value of the energymomentum tensor is thoroughly discussed in this paper: Sec. (2) is devoted to a comprehensive introduction of Krein method, supplemented by new practical comments. Also, unitarity of the theory when interactions are taken into account and compatibility of the method with physical achievements of renormalizing process will be discussed in this section. In Sec. (3), the viewpoint of Krein method on the vacuum energy is perused. We show that the entrance of un-physical states in the theory, which act as intrinsic renormalizing devices, makes it possible to determine absolute meaning for energy. Then we consider the theory in the presence of boundary conditions, such as Casimir effect, and also in non-trivial topologies. Eventually, we study the results of generalizing the method to curved space-times, and we speak of Krein method faced with the trace anomaly subject and back reaction effect. Finally, in Sec. (4) , respecting the Krein properties, we discuss about the cosmological constant problem; the method presents an interesting property linked to the cosmological constant problem "the vacuum energy of the free field vanishes without any reordering nor regularization". 
which has two sets of solutions
The inner product is defined as
and these modes are normalized by the following relations
The subscripts P and N are respectively referred to the positive and negative norm modes, or simply physical and un-physical states.
The field operator in Krein space is defined by
in which
The quantum field theory is identified by defining the vacuum states as
where |1 k is an un-physical state. A significant difference to the standard QFT, which is based on canonical commutation relation, lies in the requirement of the following commutation relations
Unitarity of the Theory and Compatibility with Renormalizing Process
In the context of Krein method, un-physical states are present. However, unitarity of the theory would be preserved by imposing the following conditions on quantum states and probability amplitude
• Un-physical states do not interact with the physical ones or real physical world. Indeed, in the Feynman diagrams, such states only appear in the internal legs and disconnected parts of the diagrams. • Un-physical states, which appear in the disconnected parts of the S-matrix elements, can be eliminated by renormalizing the probability amplitude as [21, 22] S if = physical states, in|physical states, out 0, in|0, out .
The presence of un-physical states in the internal lines plays a key role in the renormalizing procedure, so that, by taking into account the quantum metric fluctuations, the divergences of the Green's function in QFT do not appear any more [23] . Considering these specifications, by using Krein approach, many topics have been studied and the results are in complete agreement with their (Hilbert space) QFT's counterparts, and experimental data. For instance, in [24] the one-loop effective action of QED is calculated by the Schwinger method in Krein approach. It is shown that the theory is free of any divergence and the effective action coincides with standard solution. The magnetic anomaly and lamb shift are also calculated in the one-loop approximation [21] . The results are comparable to the results of conventional QED. In Refs. [25, 26, 27, 28] the interaction QFT in Minkowski space ( λϕ 4 theory) is considered to the one-loop approximation. It is found that the theory is automatically renormalized in this approximation. In Refs. [29, 30] Casimir force in Minkowski space-time has been calculated. Once again it is indicated that the theory is automatically renormalized and the results are the same as those that have been experienced.
It should be noted that, the method can also reproduce the very results that are extracted from the renormalization group. To see the points of Krein method, we concentrate on a simple toy model, λϕ 4 scalar field, which is sufficient to give us the basic qualitative results of the approach. For this example, one can extract the effective potential in Krein view as follows [27] 
ef f + ..., where
As expected, classically, one can acquire the coupling constant by four times differentiating of the V
ef f with respect to ϕ . The result would be obtained to order 0 as shown by (12) . Following the same path, in order to include the quantum corrections in the theory, we accomplish four times differentiating of the V ef f with respect to ϕ and then, substitute ϕ with a non-zero arbitrary parameter M . The result will be as [27] 
Like routine methods, the dependence of the coupling constant, λ Krein , on the mass scale, M , is governed by a beta function of the theory, which is defined as
so that, by applying this process to λϕ 4 scalar field theory, one can obtain [27] 
which only depends on coupling constant and has no explicit dependence on M . It is worth mentioning that, although the effective potential and coupling constant calculated by using Krein procedure are different from those that come from conventional procedure, however, both methods yield the same beta function. This process can be applied to the other QFTs to calculate the beta function as it has been carried out for QED [31] . Concentrating on the beta function this much is due to the fact that it has important physical outcomes, such as the trace anomaly subject which would be discussed in Sec. (4) . In physics there is a great variety of viewpoints of what vacuum energy is. It is understood differently in many formalisms and domains of study. In the field theory approach, a quantum field can be regarded as a collection of an infinite number of harmonic oscillators in momentum space, therefore, expectation value of the energy-momentum tensor and as a result zero-point energy of such an infinite collection will be infinite. Various ways have been contrived to deal with this infinite overall energy. In what follows, we study Krein quantization approach, as an alternative method, to address this problem and show how in this method, expectation value of the energy-momentum tensor of the vacuum state can be defined properly and uniquely.
Applying the Method in Flat Space-times
At this stage, we wish to restrict attention to space-times where we are able to formulate quantum field theory constructions in a manner completely analogous to Minkowski space-time. In a two-dimensional Minkowski space-time, the energy density operator is given by the 00-component of the energy-momentum tensor
Regarding the Krein technique, the field operator is constructed by both physical and un-physical states, so unlike the conventional methods which rescale energy to be released from infinities, vacuum energy in Minkowski space-time automatically vanishes, i.e. 0|T
Krein 00 |0 = 0 , |0 is the Minkowski space vacuum. In fact, by utilizing un-physical states as renormalizing tools, energy itself is meaningful and can be defined absolutely. While, in standard process, the vanishing vacuum expectation value of the energy in Minkowski space-time is respected as the physical "renormalization condition" [2] . Now we will take the field operator (7) to calculate vacuum energy in the presence of boundary conditions to test the method in a physical measurable case and then we make comparison with the standard approach. It is preferred that the boundary conditions being separated into two categories: physical and intrinsic boundary conditions. By physical boundary conditions, contrary to the intrinsic boundary conditions (as the periodic boundary condition on R 1 × S 1 space-time), we mean the conditions, that can be demonstrated by a potential term in the Lagrangian of the system. At the first step, we examine vacuum energy between two parallel conducting plates as the simplest case of physical boundary conditions. By imposing the physical boundary condition on the field operator (7), only physical states would be affected and un-physical states do not interact with the physical ones or real physical world. Therefore, the field operator can be written as:
here k d are the eigen-frequencies of the system under consideration, where in this case; φ P (k, t, 0) = φ P (k, t, a) = 0 , we have
where 2, 3 , ... . The scalar product is:
Substituting field operator (17) into (16) leads to:
Then total vacuum energy of the interval (0, a) is obtained as follow [29] :
Krein 00 Surveying the Eq. (18) reveals that in standard method with the choice of Hilbert space as the space of positive frequency solutions, only the first two terms are apparent, which cause an infinite result. In order to remove this infinity or renormalize the theory, one rescales the energy by subtracting the Minkowski vacuum energy, so the third term is added to the equation manually. However, in Krein method, because of a new interpretation of un-physical states, as natural renormalizing tools, the third term will appear spontaneously. Therefore, an absolute meaning for energy is achieved and consequently the result is automatically renormalized and exactly coincides with conventional method and the measured value [3] . Now we study Krein method in non-trivial topologies. As a toy model, we choosed a two-dimensional flat cylindrical space-time ( R 1 × S 1 ) with periodicity length, L . Although this topology is not physical and so no measurements can be made, but studying this model is instructive, cause it has some similarities to dS curved space-time ( R 1 × S 3 ) which has similar intrinsic boundary condition. For a massless Klein-Gordon-field we have:
∂x 2 = 0. In this case, the effect of the space closure (intrinsic boundary condition), contrary to the physical ones, restricts the both positive and negative energy states. Since according to the fundamental postulates of QFT, the spinless wave function must have a definite value at every point in space [32] . Hence, we must demand that the field modes (4) be single-valued, and so, the field operator (7) converts to
with k n = 2nπ L , n = 0, ±1, ±2, ... and ω = |k| . Vacuum energy density of such field on R 1 × S 1 can be calculated as follows
Therefore the vacuum energy is automatically renormalized and it is equal to zero. As before in standard method, just the first term of (22) exists, which is obviously infinite. This was expected, as the R 1 × S 1 spacetime suffers from the same ultraviolet divergence properties as Minkowski space [2] , thus the renormalizing process will be accomplished by subtracting the infinite quantum vacuum energy of Minkowski space-time. Therefore, we have [33] 
where the symbol " : : " refers to the energy rescaling process and |0 L , |0 are the vacuum associated with the discrete modes (21) and the Minkowski space, respectively. So, there is a quite different result. Thus far, we have studied non-gravitational cases in Krein quantization method. The main result obtained is that, due to its new interpretation of un-physical states, namely playing a renormalizing role, an absolute meaning for energy can be defined. By using Krein procedure, remarkable results have been achieved: Vacuum expectation value of the energy-momentum tensor automatically vanishes with no need to rescaling energy. In addition, in the presence of the physical boundary conditions, which lead to non-uniform distribution of energy density, 2 even though the both methods, standard and Krein methods, are in agreement with experience (at least in Minkowski space-time [29, 30] ), but the perspective and procedure of these two methods are different. In the standard method, the finite results are acquired by a process named renormalization. In the Krein method, infinities are eliminated and theories are automatically renormalized. However, in non-trivial topologies, in the absence of any experimental evidence, the disagreement between two methods appears, which shows a path that may be some help in solving problems in curved space-times. 
Generalizing the Method to Curved Space-times
An alternative strategy to inspect the divergence of expectation value of the energy-momentum tensor in curved space-time, regarding the semi-classical approach, is to treat the computation of < T µν > as a part of a wider dynamical theory involving gravity; Such semi-classical field equation, (2), of a given coupled gravitationalquantum matter field, can be derived from the following action
by the condition ( g ≡ |det g µν | ) 2 √ −g δS δg µν = 0.
S g is the gravitational action for which 2(−g)
2 δS g /δg µν yields the left hand side of (2). The second term in (24) is the effective action of the quantum matter fields, which, when functionally differentiated, leads to
In this perspective, computation of the effective action has some interesting and non-trivial consequences, amongst them, the trace anomaly is the most important one for this paper. The trace (conformal) anomaly is a quantum anomaly of the semi-classical gravitation that not only has been connected with but also has influenced many important issues in modern physics. A good approach to a more detailed discussion would be an investigation of a self-interacting scalar field, λϕ 4 theory, with the following conformal invariant classical matter action in curved space-time
where
the subscripts 0 and I are respectively referred to free field and interaction-dependent parts of the theory. Classically, conformal invariant theories in which the matter action is invariant under conformal transformations ( g µν (x) → Ω 2 g µν (x) =ḡ µν (x) ), yield a zero trace of the classical energy-momentum tensor [1] . When quantum corrections are included, however, this classical invariance cannot be preserved, and gives rise to an anomalous trace. This quantum anomaly in Krein quantization approach, like standard method [1] , can be separated into two parts, cause the effective action can be written as
where W Krein 0 is the free field effective action and W
Krein I
is the interaction-dependent part which have been calculated in Krein quantization method. Then, the trace of expectation value of the energy-momentum tensor would be (by using δḡ
The first term on the right is the manifestation of the gravitational background which corresponds to the calculation of the free field part of the theory. As already stated, in Krein technique, influenced by un-physical states, the free field part of vacuum expectation value of the energy-momentum tensor automatically vanishes, and so, its trace will be removed. While in the standard approach, confronting the divergence of < T µ µ > 0 is inevitable, where, by pursuing a careful renormalizing procedure, free field effective action can be divided into divergent and renormalized parts, i.e. W 0 = (W 0 ) ren + (W 0 ) div , in which (W 0 ) div is purely geometrical, built out of the Riemann curvature tensor, R µνρτ , and its contractions [1] . So, according to Eq. (26), one can split the right hand side of the semi-classical Einstein's equation (2) into two parts, purely geometrical part and dependent part on quantum states of the matter fields. On the other hand, the conformal invariance of the total action (27) requires that the total energy-momentum tensor should be traceless in which the non-vanishing value of (< T µ µ > 0 ) div , the geometrical part, compels the renormalized energymomentum tensor to possess a trace [1] . This result is known as the trace anomaly of the free field part of the theory, which is state-independent and local. As mentioned, this part does not appear in the viewpoint of Krein method.
However, the second term in Eq. (30), which is due to the interaction-dependent part of the theory, remains. Actually, affected by the unavoidable presence of the arbitrary mass scale (see Eq. (14) and the related discussions), the conformal transformation of the theory leads to a different value of the effective coupling constant in Krein viewpoint, λ Krein , even if the corresponding classical theory is conformal invariant. Therefore, in Krein's point of view, the trace anomaly is just limited to the interaction-dependent part of the theory, which contrary to the free field trace anomaly, is state-dependent and non-local
).
Obviously, the interaction-dependent anomalous breaking of conformal invariance is directly related to the beta function of the theory. It is worth to mention that, this interaction-dependent trace anomaly, as the common point of view between Krein method and the other standard approaches, 3 in the chiral limit of quantum chromodynamics (QCD), determines the sizes and masses of hadrons, including but not limited to protons and neutrons [37, 38] .
Here, we should underline that, removing the free field part of expectation value of the energy-momentum tensor through the Krein method leads to the loss of geometrical effects, caused by renormalizing procedure in the standard approach, on the semi-classical Einstein's equation (see Ref. [39] and also the related discussion in the previous section). While, in the conventional viewpoint, accepting the influence of the renormalizing process of expectation value of the energy-momentum tensor on geometrical part of Einstein's equation, represents a "back-reaction" effect which needs to be dealt with in some self-consistent ways. If < T µν > affects the metric, then this altered metric will change the assumptions for calculating < T µν > . Technically, it is extremely difficult to calculate < T µν > in a given fixed background and incorporation of the back-reaction effect makes it close to impossible (for a more detailed discussion, one can refer to Ref. [40] ).
Discussion
It is well-known that cosmological constant is directly related to the vacuum energy density or more precisely vacuum expectation value of the energy-momentum tensor. As pointed out, when gravity is present, the very existence of cosmological constant brings about fundamental problems. However, respecting the fact that many great progressions in physics are done in crises, various attempts have been made in trying to solve the cosmological constant problem. Indeed, understanding why the cosmological constant is extremely small may be a key for making more realistic models of particle physics and/or gravitation. Some of the main approaches to the problem can be listed as: Supersymmetry, Brane-World scenarios, String Theory inspired ideas, Quintessence, Anthropic interpretation of the cosmological constant and so forth (see, for instance, [8, 36] and references therein). But up to now, a convincing and general solution to the cosmological constant problem has not been yet proposed. Definitely, a fundamental theory of the universe is required to give a complete apprehension of the problem and probably a plausible solution for it. Science such an elemental theory is unknown, any effective description can be considerable, although incomplete.
Following this path, we prove that by using Krein space quantization approach, one can propose a solution to the huge discrepancy between theoretical computation and cosmological data. According to explanations stated in the introduction and the expression for the total vacuum energy, ρ v = ρ + Λ 8πG = Λeff 8πG , the energy density of the vacuum, ρ , is responsible for the immense discrepancy between theoretical predictions and experimental observations. However in Krein technique, vacuum expectation value of the energy-momentum tensor which is the very vacuum energy density, globally 4 vanishes. As a result, the "vacuum energy density" term, ρ , which creates such enormous disagreement between theory and experiment is automatically eliminated. Nevertheless, the authors would like to mention that this approach cannot be considered as a perfect 
